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Lifting Surface Calculations in the Laplace Domain
with Application to Root Loci

Tetsuhiko Ueda*
National Aerospace Laboratory, Chofu, Japan

A method for determining the unsteady aerodynamic forces on a subsonic thin finite wing is presented. The
unsteady forces are numerically evaluated as functions of the Laplace transform variable s, which corresponds to
both the arbitrary and harmonic motions of a wing. Computation is possible on the entire s plane except for a
branch cut on the negative real axis. The method proposed is based on the doublet-point method such that the
wing planform may be arbitrary (including the partial control surfaces). The exact forces obtained for the Laplace
variable are applied to determine the root loci of a wind tunnel wing model. Comparison of the results with those
from the finite-state aerodynamic modeling shows the accuracy of Roger’s approximation. The effect of
compressibility is also examined to reveal that an aerodynamic root does exist in the range of high subsonic flow.

Nomenclature

= parameter in Eq. (26)

= matrix defined by Eq. (16)

= semichord length of the wing root

= integral function

= aerodynamic compliance matrix

= deflection mode

= imaginary unit or dummy index

= reduced frequency

= kernel function

= Laplace transform

= Mach number

= total number of aerodynamic elements

= total degrees of freedom

= nondimensional Laplace transform variable

A p = nondimensional lift distribution

q;, = generalized coordinates

q;; = generalized aerodynamic forees

Q. = generalized forces

r = nondimensional spanwise distance

R = nondimensional distance parameter
defined by Eq. (3b)

= Laplace transform variable

= time

= uniform flow speed

= nondimensional upwash distribution

= nondimensional streamwise coordinate
based on b

X = nondimensional parameter defined by Eq. (3a)

y = nondimensional spanwise coordinate based on b

B = compressibility parameter

8 = Kronecker delta

A, = nondimensional element area
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= error bound

= dummy streamwise variable

= dummy spanwise variable
¢ = deficiency function
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x = eigenvalue

A = nondimensional parameter defined by Eq. (3f)
p = air density

¢ = half-width of wing ¢lement

w; = natural frequency

7 = nondimensional time

{; = damping coefficient

Superscript

(") = Laplace transformed

Introduction

HE recent advent of active control technology (ACT) for

large flexible aircraft has renewed interest in the unsteady
aerodynamic forces given in the Laplace domain, ie., the
forces as functions of the Laplace transform variable s. In
designing control laws for aeroelastic active controls, say, gust
load alleviation and/or flutter suppression, an aerodynami-
cally accurate prescription may be an essential part of the
system.! Especially, acrodynamic effects of control surfaces
should be properly included in the analytical model of the
system. Two types of approximation have been feasible
hitherto for constructing aerodynamical models, i.e.,
aerodynamic transfer functions. One®> utilizes the forces ob-
tained in the frequency domain that have been intensively
investigated by flutter analysts for more than three decades.
The harmonic unsteady forces can be interpreted as the forces
on the imaginary axis in the complex s plane. Therefore, we
can determine coefficients of the aerodynamic transfer func-
tions so that the approximation curve may fit best on the
imaginary axis. Although the generalization of the harmonic
forces to arbitrary motion (off-axis) gave rise to historical
arguments on the validity of the results in the left half-?lane,
it has been resolved as valid by analytic continuation.* The
frequency domain approach yields a useful approximation,
but is limited to the proximity of the imaginary axis. The
other approach™® curve fits the time history data of an
aerodynamic response with a certain type of function whose
Laplace transform is analytically known. Stark® has proposed
an accurate time function for a finite wing in incompressible
flow. He hypothesized that the normalized deficiency function
of the indicial response is independent of the deflection mode
of the wing in incompressible flow. He proposed particular
deficiency functions for both the subsonic and supersonic flow
cases.
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For a subsonic finite wing, however, there is no rigorous
method to clarify the characteristics of the aerodynamic forces
off-axis in the left half of the s plane. Hence, the purpose of
the present study.

In this paper, a direct method to calculate the Laplace-
transformed pressure distributions on subsonic lifting surfaces
is developed. The method generalizes the doublet-point method
(DMP)’ of the frequency domain. It can be apphed to wmgs
of arbitrary planform. Furthermore, the method is exact in the
sense that no approximation is made on the procedure of
obtaining the Laplace transform, in contrast with those using
the forces in the frequency domain or the time domain re-
sponses. As an application of these exact forces in the Laplace
domain, root loci are calculated for a wind tunnel wing model
that assumes an energy-efficient future transport.

Integral Equation and Solution Method

In the Laplace domain, the objective equation that relates
the upwash distributions on a thin finite wing can be written
in a similar form to that in the frequency domain,

w(x0) = gz [ [ 86 M K(x0, )dtdn (1)

where w and Ap are the upwash and pressure distributions,
respectively. The singular kernel K in Eq. (1) is given by?®

K(x0, %) = l;‘i;—'i +e P%B( p,r, X) 2)
where

X=B"%(x,— MR) (3a)
R=(x}+p2r?)" (3b)

=yl (3¢)

Yo=y—m (3d)

xo=x—£ (3e)

A=x,— X=M(x*+r2)"? (3f)

p=bs/U (3g)

B*=1- M2 (3h)

The function B(p, r, X) in the second term in the right-hand
side of Eq. (2) has an integral expression,

B(p,r, X)=f_X e’”’(vz+r2)_3/2dv (4)

This function can be expanded into an infinite series,
0

Z U2m(p’ r, X)

m=0

+p72 2 n'((n}r)ll)'(pr) "{¢(n+1)+¢(n+2)}

0
B(P’r’X)= + Z U2m+1(p’rvX)
m=0

~iarg[P]p7ni n—!((“;*lj)m(%)zn (5)

where ¢(n) is the polygamma function with integer argu-
ments. The terms U,(p, r, X) in the first and second summa-
tions in the right-hand side of Eq. (5) satisfy the following
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recursive formula:

_ pn Xn—l
U»;(P”HX)““ (n—2)n! \/’)—{2—_}_—"—2
()’

(n+2) (6)

—2(p’r5X)’

T a(n—2)

The initial terms to start calculations with the equation above
are

Up(p,r, X) =

1
TR (W7 —X) (7a)

Ulp,r, X) = - —2— (75)

+ (VX2 +r? - X)}
(7¢)

Although the integral in Eq. (4) becomes infinite when the
complex argument p has a negative real part, ie., in the left
half of the p plane, the function value can be calculated by
using Eq. (5), which is validated by analytic continuation.

The discretizing procedure of the integral equation follows
the DPM developed for simple harmonic motion. It is
straightforward to replace the harmonic kernel of the DPM
with the kernel described in Eq. (2). In the ith trapezoidal
element, the doublet (§;, ;) and the upwash (x;, y;) points
are located at the one-quarter and three-quarter points on a
central chord of the element, respectively. Let the area of the
element be A,. Then, Eq. (1) is discretized into linear algebraic
equations with complex coefficients as

Uy(p,r, X)——%—{‘/,X_

#=D(p)p (®)
where

D(p)=[dij] =[AjK(xi—£j’yi—nj)/(8'”)] (92)

3p=(85(5,)) (o)

ft’:{w(xi’yi)}’ (i,7=12,...,N) (%)

Considering the Mangler integral, the upwash must be
evaluated by the following kernel function for the upstream
elements with r <o and X>0:

K(xq,0) = M?e P2 /(RA) + e" P

X {B(p,O, ~X)—n*/(60%) —p*(tro—1)

0
-2 Z U2m(p!0"

X )} ,  (X>0) (10)

m=0
where o is the half-width of the element. The upwash distri-
bution is related with wing deformation, h(x, y, ) by

_ dh(x,y -

w(x, ) = E2) | s ) (1)
where the overbar identifies a Laplace transform with respect
to the nondimensional time, 7 = bt/ U. Thus, the final solution
of Eq. (8) becomes

Ap=D"'(p)(h. +ph) (12)
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where

i'={7’(xn)’i)} (13a)
ho= {___ah(g;, %) } (13b)

If we put p = ik, where k is the reduced frequency of harmonic
oscillation, the above procedure will coincide with the DPM
in the frequency domain.

Root Loci Using the Exact Aerodynamics

The exact pressure distributions thus obtained as functions
of the nondimensional Laplace variable p can be used to
determine root loci of an aeroelastic system. If we adopt the
expression with the generalized coordinates for the structural
part, the governing equation of the system may be written as

1

%, ;
w_’_zqi'f'jiqi‘*'qi:Qi’ (l=1,2,...,N) (14)

where Q, denotes the generalized forces. The mode shapes
associated with these generalized coordinates g, are normal-
ized such that the coefficients of the stiffness term may be-
come unity. In the Laplace domain, the generalized forces, Q;
can be given by

N
—= 1 -
0= Z 'Z'PUzbS‘Iij(P)qj‘ (15)
Jj=1

where the g,,( p) are the unsteady aerodynamic forces associ-
ated with each generalized coordinate. Applying the Laplace
transform to Eq. (14) yields

1 N
_2‘7:': Z Aijqj (16)
s =1
where
1 28 Pbsql'j(P)
A= —a’f(w_,? + w,-pU) + 2 17

It should be noted here that if we put

1 2
7=‘(Z> (1+ig),p=ik, and =0  (18)

then Eq. (16) furnishes the conventional U — g method.

The method described in the previous section, however, can
provide Eq. (17) with the exact unsteady aerodynamic forces.
For a given p,

a,(p)= [ [ (x5 (x,y)dxdy  (19)
wing

Therefore, we can solve Eq. (16) to obtain the root locus with
the exact Laplace variable, p =bs/U. Since the forces are
computed numerically, we have to resort to an iterative proce-
dure. In the present study, the Newton-Raphson technique®
was utilized to solve Eq. (16) in the form of a nonlinear
eigenvalue problem. If we assume p, then Eq. (16) becomes
virtually linear as

xg=Aq (20)
where
k=1/s? (21)

The matrix 4 and the vector ¢ in Eq. (20) are defined by the
components 4, in Eq. (17) and the g; in Eq. (16), respec-
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tively. The Newton-Raphson technique combined with the
linear eigenvalue solution procedure takes the following steps:

1) Assume an initial value s for the ith root at a certain
speed U.

2) Calculate the corresponding nondimensional Laplace
variable, p, = bs,, /U for the aerodynamics, where the sub-
script m denotes the mth iteration.

3) Compute each component of the matrix A4.

4) Solve the complex eigenvalue problem [Eq. (20)] to
o(b_;cain the eigenvalues k() and their associated eigenvectors

5) Choose ‘" for tracking loci by examining the eigenval-
ues and eigenvectors obtained and calculate the nondimen-
sional Laplace variable p,,_ ;.

Compare the p,,,; with the previous one to examine whether
the convergence criterion,

I( Pm+1 _Pm)/Pm|<€ (22)

is satisfied or not for a given e.

7) If not, replace p,, by p,,., and calculate a new p,, .,
with the aid of the following equations to repeat the steps
3-6:

Poir = { () =L (Pa) P} /{1 = ()} (23)
where

f(p)=b/ (U2} (24)

~3,2de®

1(0)= =g () G

(25)

8) Continue the above procedure for the next speed U + AU,
assuming an initial p, as the converged solution p of the
previous speed U. It is also possible to change the Mach
numbers simultaneously according to the speed, if the con-
sistency of the flow parameters is necessary to trace the roots.

Rectangular Wing in Incompressible Flow

An example calculation for the aerodynamics was carried
out on a rectangular wing with an aspect ratio of three in
incompressible flow (M =0). We now consider four typical
deflection modes defined by

hyo=1 (heaving)
hy,=12(y/3)" —0.2(y/3)" (bending)
hy=x—1 (pitching)
ha=(x—1)(12(y/3)> - 02(»/3)*)  (torsion)

These modes correspond to those of the example in Ref. 6.
Therefore, we can directly compare our results with those of
Stark.

First, since there is no exact solution with the complex
value p, the convergence of the present method was examined
by changing the number of computational elements on the
wing. The results are shown in Fig. 1. The generalized forces
q1; with three different numbers of elements are compared as
to the relative error index. This index accounts for the devia-
tion from the base solution, which has 16 chorwise and 25
spanwise elements for the semispan. The symmetry condition
has reduced the number of elements to one-half. The conver-
gence is uniform on the entire region of the p plane. Although
the relative error appears large near a particular point, p =
~0.6 + 0.21, it is not substantial deterioration of the solution.
The aerodynamic force g5 itself vanishes near this point. The
figure shows that the 200 elements solution can be regarded as
a favorably convergent solution.
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Second, the generalized forces obtained by the use of 400
elements are compared with the corresponding results of
Stark. The comparison is made in Fig. 2, which shows good
agreement everywhere in the plane. It is very convincing that
these completely different approaches yield almost the same
results, as shown here. Stark assumed that the normalized
deficiency function of the indicial response can be rendered in
the form,

¢(7) ={a/(a+1)}" (26)

Then, the Laplace transform of the function can be obtained
as

Llo(r)) = CL 2 o ap)

(n—1)
(.—-1)"‘1"71 n_2 n—m-—2 —m
+_n—~'1—)!—m2=0p (—(1) m! (27)

where E, is the exponential integral function. Components of
Eq. (27) are shown in Fig. 3 with n=13 and a=15.5, which
Stark selected for this wing. The good approximation indi-
cates that the deficiency function [Eq. (26)] is remarkably
adequate for the finite wing in incompressible flow. It is likely
that the contribution of the function ¢(r) in Eq. (26) was
substantial for this flow case. Again, it is emphasized that the
present approach has no assumptions in the Laplace trans-
form procedure.

Rectangular Wing in Compressible Flow

For the same wing, compressibility effects on the gener-
alized forces are examined by using the 200 element solutions.
The generalized forces ¢, at three different Mach numbers of
0, 0.6, and 0.8 are depicted in Fig. 4. The results show the
complicated effects of the compressibility, especially in the left
halves with high Mach numbers. The undulate surface shapes
at M = 0.8 may anticipate some difficulties in the approxima-
tion of forces by using simple functions. The surfaces shown
in the figure have been drawn according to the data of the
function values at each mesh point. The values between the
points were interpolated by spline functions. Therefore, we

RELATIVE ERROR
ELEMENTS

~—— 5X10 100%
—10 X 20
base 16 X 25

>

- STARK®

IMAGINARY PART

Fig. 2 Generalized force q,; of a rectangular wing.
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cannot expect accuracy in the plot between the points if the
adjacent values differ greatly. In order to examine the surge at
M = 0.8, detailed computation with a finer mesh has been
done on a square region with the real part of p of —0.8 to
—0.4 and the imaginary part of 0.4 to 0.8. The results from
the different viewpoints are shown in Fig. 5. It looks probable
that an aerodynamic singularity exists in the left half of the p
plane when the flow becomes high subsonic. The generalized
forces computed by 200 elements at p= —0.4 + 0.4/ with
M = 0.8 are listed in Table 1.

Comparison with the Frequency Domain
Approximation

A calculation is also carried out on the forces of a control
surface of a 45 deg swept-back wing. The wing configuration
and the aerodynamic elements used in the computation are
illustrated in Fig. 6. This example was quoted from Ref. 3.
Using the Padé approximation, Vepa® assumed the gener-
alized force of this control surface as

0.03816p

453 = 0.118p + 0.04998 — ==l (28)

Table 1 Generalized forces at p = —0.4 + 04i (M =0.8)

(4. ) 4qij (4, J) 9ij

(L1 —1.6756 + 0.0332i (1,2) ~0.5075 + 0.0002¢
2,1 ~-0.5075 + 0.0002 2,2) ~0.2000 — 0.0155:
(3,1 11984 — 2.1201; 3,2) 0.3460 — 0.6394:
4,1) 0.3296 — 0.6335i 4,2) 0.1353 — 02294
(1,3) 0.9375 +4.1731i (1,4 0.3050 + 1.2675i
(2,3) 0.2886 + 1.2734i 2,4 0.0930 + 0.4993
(3,3) -0.6217 + 0.0617; 3,4) ~1.8717 + 0.1039:
4,3) —1.8439 + 0.1171: 4,4 ~0.6825 + 0.0690:

Real part Imaginary part

REAL PART IMAGINARY PART

Fig. 4 Compressibility effects on ¢,,.
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a) Real part.

b) Imaginary part.

Fig. 5 Details of ¢, at M=08.

AR = 4.16

40% 408 T

semi-span

Fig. 6 Aerodynamic elements and a control surface of a swept-back
wing.

where subscript 3 indicates the control surface deflection
mode. The results of Eq. (28) are compared with those by the
present method in Fig. 7. The agreement on this force is
favorable in the right half-plane. However, the difference
becomes appreciable as the negative real part of p increases.
The singularity at p = —0.8039 on the negative real axis is
attributed to the artificial pole of the Padé approximant in Eq.
(28), whereas the present method does not bear any singulari-
ties within the range of p illustrated.

Root Loci in Incompressible Flow

Exact aerodynamic forces on the p plane have been used to
determine root loci of a wind tunnel wing model. The model
has a high aspect ratio, assuming an energy-efficient future
transport.'® The structural characteristics obtained for the
model by the finite-element method and vibration tests are
shown in Fig. 8, which illustrates natural frequencies, damp-
ing, and nodal lines of each structural mode. The root loci of
this wing in incompressible flow (M = 0) were computed by
the present method using 192 computational aerodynamical
elements. The results are depicted in Fig. 9 with solid curves.
Lower four modes out of the six shown in Fig. 8 were used to
calculate the root loci. Numbers put near symbols in Fig. 9
indicate the flow speeds in meters per second. When the flow
speed becomes zero, the four roots designated as R1-R4
coincide with the natural frequencies accompanied by
viscous-type damping. As the flow speed increases up to 30
m/s, every root shows increased damping from the
aerodynamic effects. The frequencies of the second and third
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_.+0.5 --- PadE approximant by Vepa3
e, -— present method

|
o (M=056) M

Fig. 7 Comparison on ¢;; with the Padé approximation by Vepa.

FREQUENCIES  DAMPING
(Hz) 13

1 1.66 0.034
2 5.95 0.025
3 13.83 0.012
4 14.48 0.020
g 0.023

MASS RATIO = 25.9

Fig. 8 Structural characteristics of a high-aspect-ratio wing.

modes, which correspond to the second and third bending
modes, respectively, are almost independent of the flow speed.
Meanwhile, the first bending mode (R1) and the first torsion
mode (R4) approach each other as the flow speed increases.
Then, the first torsion mode decreases its damping with the
flow speeds over 30 m/s and penetrates the unstable region at
about 37.5 m/s, i.e., the flutter speed.

The iteration procedure proposed in the analysis was proved
to be effective for tracing these loci. For example, it took only
four iterations for the R4 to converge at U= 40 m/s with an
increment of 10 m/s. The error criterion [€ in Eq. (22)] was
set to 107 4. By examining the eigenvectors, no difficulty was
encountered in identifying which eigenvalue could be traced,
even in the case of close eigenvalues (e.g., for R3 or R4 at
U=10 m/s). In Fig. 9, the results for Roger’s aerodynamic
modeling!® are also plotted by dashed curves: The approxima-
tion assumed the simple form with one lag term as

g (p)=cp’+aptcote/(pte,) (29)

in which the coefficient ¢, was fixed on 0.25 a priori. The
agreement between these two results is excellent, which dem-
onstrates a good accuracy of Roger’s approximation for this
flow case. For a reference, the conventional U-g curve of this
wing is given in Fig. 10.

Effect of Compressibility

As the results on a rectangular wing with high Mach num-
bers showed a complicated variation of the aerodynamic forces
in the left half of the p plane, the effects of Mach number
were examined on the wind tunnel model in the root locus
plane. Figure 11 illustrates the loci with four different Mach
numbers. Plotting -of roots R2 and R3 has been omitted for
Mach 0.6 and 0.7, since the variations due to the Mach
number were small. Those loci could be located between those
of M =0 and 0.8 for which they were traced from U= 0-40
m/s with the increment of 10 m/s. The loci R1 and R4 with
Mach numbers of 0.6 and 0.7 have been cut below 20 m/s for
the sake of simplicity. These two roots were greatly affected
by compressibility. The root plunging into flutter changes
from R4 to R1 between Mach 0.6 and 0.7. Furthermore, the
loci changes drastically at M = 0.8. Despite the fact that we
took into account four generalized coordinates, five roots
appeared for the speeds above 15 m/s. Although we failed to
track the fifth root designated as RA with speeds below 15
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Im (rad/s)
1004

— Present method 10

. Roger's
approximation +
from Ref.10

30
s-plane
504 =
40
- 407 mo

40 m/s

30 O\
20%
A
"3 20 10 0 +10
Re (1/s)

Fig. 9 Root locus with the exact aerodynamic forces (M = 0).

U U (v/s)

O 1st Torsion

D 3rd Bending

< 2nd Bending
QO lst Bending

L L y
0.4 . ; 40 60 80
DAMPING g FREQUENCIES (rad/s)

Fig. 10 Conventional U — g method.

= M=0 m

—o— M=0.6 s-plane Two
— M20.7 (rad/s)
0= M=0.8 10

1 i " 1 \ 0

-40 -30 -20 -10 Re

Fig. 11 Dependency of root loci on Mach numbers.

0.6F
IMAGINARY PART
0.41
p
0.2}
0T 9 20 0 251 U (mw/s)
-0.2
-0.4 -
REAL PART
-0.6 M= 0.8

Fig. 12 Aerodynamic root as functions of p.

m/s, it may be caused by the iterative technique in Eq. (20) in
which the structural roots become dominant for low flow
speeds. This fact leads us to the conclusion that root RA
should be an aerodynamic root. In order to confirm this, the
root is replotted by the value of p vs the flow speed U. The
result is shown in Fig. 12. It can be seen that the root
converges to a finite value as the flow speed decreases. This
behavior assures that the root is generated by aerodynamics.
If the coupling between aerodynamics and structural vibra-
tions becomes weak, the aerodynamic root should approach a
certain finite value of p, since the unsteady aerodynamic
forces are given as functions of p in the nondimensional form.
Further, if it is the case, the aerodynamic root in the s plane
approaches the origin as the flow speed becomes small.

Conclusions

A direct solution method to obtain aerodynamic forces in
the so-called s plane has been developed. This solution is
exact in the sense that the integral equation in the Laplace
domain is numerically solved without restriction of the
aerodynamic states. The kernel of the singular integral equa-
tion was exactly calculated in the left half of the s plane. The
results on the generalized forces of a rectangular wing in
incompressible flow demonstrated that Stark’s deficiency func-
tion is adequate for that flow case. Root loci using exact
aerodynamics also showed good accuracy of Roger’s ap-
proximation by the finite-state modeling for incompressible
flow.

Compressibility effects on the aerodynamic forces were
complicated in the left half of the p plane. The surface shape
of the function implies the existence of a singularity. Com-
pressibility influences the root loci, especially the mode of
coupling. In a high-subsonic case, an aerodynamic root was
observed, in spite of the fact that no artificial pole had been
assumed in the aerodynamics.
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